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A novel way to realize a pi Josephson juntion is proposed, based on a weak link in an unonven-
tional d-wave superondutor with appropriately hosen boundary geometry. The ritial urrent of
suh a juntion is alulated from a fully selfonsistent solution of mirosopi Eilenberger theory
of superondutivity. The results learly show, that a transition to a pi Josephson juntion ours
for both low temperatures and small sizes of the geometry.
PACS numbers: 74.50.+r, 85.25.Cp, 85.25.Dq
Josephson juntions with an intrinsi phase shift of
pi (pi Josephson juntions) open up promising possibil-
ities in superonduting eletronis. Inluding them in a
losed superonduting loop allows to reate a degener-
ate urrent ground state. If they are ombined with stan-
dard Josephson juntions, omplementary superondut-
ing quantum interferene devies (SQUIDs) with hara-
teristis Ic(Φ) and Vdc(Φ) shifted by Φ0/2 with respet to
the standard SQUID an be realized [1℄ (Φ0 = h/2e is the
ux quantum). These devies permit various improve-
ments in rapid single ux quantum logi (RSFQ, [2℄). Us-
ing pi Josephson juntions, omplementary logi devies
an be realized without the need for additional urrent
bias lines, with improved devie symmetry and enhaned
operation margins [3℄. At the same time, the size of the
logi ells an be signiantly redued [4℄.
The rst proposal for a pi Josephson juntion was based
on a tunnel juntion with magneti impurities [5℄. Ex-
perimental realizations in the form of superondutor-
ferromagnet-superondutor [6, 7℄ or superondutor-
isolator-ferromagnet-superondutor [8, 9, 10℄ mulitlay-
ered systems have been presented. A seond realization
of pi Josephson juntions makes use of the dx2−y2 (d-
wave) pairing symmetry of the uprates via grain bound-
aries interseting domains with dierent orientation of
the rystal lattie [11, 12, 13, 14℄. Another method
exploits the pairing symmetry of the uprates by om-
bining high-Tc and low-Tc materials [15, 16, 17℄. Fur-
thermore, pi Josephson juntions have been realized in
superondutor-normal ondutor-superondutor stru-
tures with a nonequilibrium energy distribution of the
urrent-arrying states in the normal region [18℄.
In this letter, we propose a novel realization of a pi
Josephson juntion, whih is solely based on the bound-
ary geometry of a c-axis oriented d-wave superondutor
thin lm. We onsider an epitati lm of the superon-
duting material exhibiting a weak link of width w as
displayed in Fig. 1. The geometry of this weak link on-
sists of a straight line on one side and a wedge-shaped
inision of angle 2β on the other. We point out that the
weak link dened by this geometry is a pi Josephson jun-
FIG. 1: (Color online) Geometry of the pi Josephson juntion
based on a thin lm of a d-wave superondutor.
tion if (1) the rystal orientation is appropriately hosen
and (2) the residual width w is suiently small.
The intrinsi phase shift of pi following from the pro-
posed geometry is a diret onsequene of the unonven-
tional d-wave pairing symmetry. If the orientation angle
between d-wave and geometry is hosen to be α = pi/4 as
indiated in Fig. 1, quasipartiles travelling through the
onstrition, whih get reeted at the straight bound-
ary line (opposite to the wedge), simultaneously suer a
sign hange of the pairing potential. Thus, they generate
zero energy Andreev bound states [19℄ in the juntion
assoiated with a phase shift of pi. In ontrast, quasi-
partiles passing through the onstrition without suh a
reetion do not ontribute to the zero energy Andreev
bound states. If the residual width w is suiently small,
however, the ontribution of the reeted quasipartiles
dominates the total urrent aross the juntion resulting
in a pi Josephson juntion behaviour.
In the following, we alulate the ritial urrent Ic of
the juntion aording to Fig. 1, as a funtion of width w
and temperature T . For this purpose, we solve the Eilen-
berger equations of superondutivity [20, 21℄ to take
into aount the eet of Andreev bound states quan-
titatively. We assume a ylindrial Fermi surfae of the
superondutor, whih is aligned parallel to the z axis
and parametrized by the polar angle θ. Aordingly, the
2Fermi veloity is given by vF = vF (xˆ cos θ + yˆ sin θ).
The pairing potential in the superondutor may be fa-
torized as ∆(r, kˆ) = ψ(r)χ(kˆ) with χ(kˆ) = cos(2θ − 2α)
representing the d-wave symmetry. Then, the selfon-
sisteny equation for the pairing potential aording to
Eilenberger theory is given by
ψ(r) = 2piN(0)V kBT
ωc∑
εn>0
〈
χ(kˆ)f(r, kˆ, iεn)
〉
θ
, (1)
and the urrent density an be omputed from
j(r) = 4pieN(0)kBT
ωc∑
εn>0
〈
vF · g(r, kˆ, iεn)
〉
θ
. (2)
In these equations N(0) is the normal density of states
at the Fermi surfae, V is the oupling onstant, εn =
(2n + 1)pikBT are Matsubara frequenies, and 〈...〉θ de-
notes Fermi surfae averaging. The propagators f and
g in the integrands of Eqs. (1) and (2), respetively,
an easily be alulated using the Riati parametriza-
tion [22, 23℄.
We numerially solve the selfonsisteny Eq. (1) in
the xy plane for a two-dimensional setion of the su-
peronduting thin lm enlosing the onstrition shown
in Fig. 1. This setion has an area of more than
12.5ξ0× 12.5ξ0, and a grid width of about 0.15ξ0 is used
(ξ0 = ~vF /pi∆(T = 0) is the oherene length). All the
boundaries of the geometry are assumed to be impen-
etrable, leading to speular reetion onditions whih
are inorporated appropriately [24℄. The left and right
sides are onsidered to be open ends, exhibiting a xed
phase dierene ∆φ between them as a onstraint. De-
tails of the iterative numerial proedure whih we use in
order to nd the selfonsistent solution an be found in
Ref. [25℄. In order to nd the ritial urrent, these solu-
tions have to be alulated for a large number of phase
dierenes. In a seond step, the urrent Eq. (2) is used
to aess the whole urrent-phase relation of the jun-
tion. Finally, the ritial urrent Ic is extrated as the
absolute maximum of the urrent-phase relation.
In Fig. 2, we present our results for the ritial urrent
Ic(w, T ) of the weak link for α = pi/4 and β = 0. Here,
Tc is the transition temperature and d is the thin lm
thikness. In Fig. 2(a), the data is plotted for xed width
w over temperature T , whereas, in Fig. 2(b), the same
data is plotted for xed temperature T over width w.
The results in Fig. 2(a) show that the pi state (indiated
by a negative ritial urrent) is predominantly entered
at low temperatures. For very small values of w however,
the pi state survives up to the highest temperatures that
we onsidered (0.9Tc), featuring small absolute values of
the ritial urrent. From the results in Fig. 2(b), we nd
that at T = 0.1Tc, the 0-pi-transition ours at about
b ≃ 4ξ0. With inreased temperature, the ritial width
of the 0-pi-transition is shifted to smaller values of w.
(a)
(b)
FIG. 2: (Color online) Critial urrent Ic(w, T ) for α = pi/4
and β = 0. The two plots (a) and (b) orrespond to two
experimental situations, whih an be thought of to verify
the 0-pi-transition, i.e. by variation of T or w, respetively.
The lines are guides for the eye.
For the geometry α = pi/4 and β = pi/4, we nd similar
results with a 0-pi-transition at slightly smaller values
of w (not shown here). This an easily be understood
sine only quasipartiles from a redued angular interval
ontribute to the pi state. Nevertheless, the ourene
of the pi state only weakly depends on the angle of the
wedge β.
Based on our results for the ritial urrent Ic(w, T ),
we expet the experimental realization of the proposed
Josephson devie to be hallenging, but feasible. The
size of the oherene length of the superonduting ma-
terial diretly orresponds to the neessary size of the
strutures. As stated above, the ourene of the pi state
of the proposed Josephson juntion hardly depends on
the angle of the wedge β. Furthermore, previous stud-
ies indiate that the ourene of surfae Andreev bound
states in d-wave superondutors is not suppressed by
mirosopi surfae roughness [26℄. Aordingly, also the
pi state of the Josephson juntion proposed here should
exhibit some robustness regarding surfae roughness.
The proposed realization of pi Josephson juntions
based on the boundary geometry of d-wave superondut-
3(a)
(b)
FIG. 3: (Color online) In (a), a ombination of two of the
proposed Josephson devies to a SQUID is shown. Sine the
widths of the two juntions w1 and w2 an be hosen indepen-
dently, a 0-0-, 0-pi- or pi-pi-SQUID is viable. In (b), a larger
number of the proposed Josephson devies is ombined to a
SQIF (6 juntions shown, more indiated by the blak dots).
ing thin lms opens up interesting possibilities for appli-
ation. It allows for the fabriation of 0 and pi Josephson
juntions with similar harateristis in the same proess.
The material an be epitati thin lms of any superon-
dutor with d-wave pairing symmetry. A uprate high
temperature superondutor an be employed as well as a
d-wave heavy-fermion superondutor like CeCoIn5 [27℄.
Beause of the simple planar geometry, the ombination
of two of the proposed Josephson devies to 0-0-, 0-pi- or
pi-pi-SQUIDs is straightforward. An example for a pos-
sible geometry of suh a devie is shown in Fig. 3(a).
Furthermore, the appliation of a large number of the
proposed Josephson devies for superonduting quan-
tum interferene lters (SQIFs, [28℄) ontaining both 0-0-
and 0-pi-SQUID loops oers new possibilities in the syn-
thesis of the voltage response of suh a devie. A possible
geometry for a serial SQIF is shown in Fig. 3(b).
Depending on temperature T and the width of the
juntion w, the ritial urrent of the proposed Joseph-
son devie an be omparatively small. This may pose a
problem in some appliations, but an be advantageous
in others. In the ase of a single SQUID, a small ritial
urrent implies a small value of the βL parameter. Thus,
SQUIDs with larger dimensions an be designed, leading
to an inreased sensitivity. In the ase of a serial SQIF,
whose total voltage response is the sum of the voltage
outputs of a large number of single SQUIDs, lower noise
gures are expeted.
In onlusion, we proposed a new way to realize a pi
Josephson juntion, just onsisting of a single layer of a
d-wave superondutor thin lm with appropriately ho-
sen boundary geometry. A fabriation of this geometri
pi Josephson devie is in the reah of modern fabria-
tion tehnology. This method may allow to reate more
evolved superonduting iruits ontaining both normal
and pi Josephson juntions losely paked on a single sub-
strate.
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